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SUMMARY 
Equations are presented for obtaiIling the vall coordinates of 
two-dimensional supersonic nozzles. The equations are based on 
the application of the method of characteristics to trrotatianal 
flow of perfect gases in channels. Curves and tables are included 
for obtaining the parsmeters required by the equations for the 
wall coordinates. 
A brief discussion of characteristios as applied to nozzle 
design is given to assist in understanding and using the nozzle-
design method of th1s report. A sam.ple design is shown. 
INTROWCTION 
A supersonic nozzle is used to tranaf'orm parallel flow at 
sonic velocity into parallel, uniform flow at a supersonic Mach 
number. The conventional two-dimensional supersonic nozzle con-
sists of the follOwing four main parts arranged in the direction 
of flow (fig. 1): 
(1) A subsonic inlet converging in the direction of flow 
(2) A throat in which the streamlines are parallel to the 
nozzle axis and sonic velOCity of the compressible flow is 
reached 
(3) An expanding part with constant or increasing a:aele of 
inclination of the nozzle wall to the axis of the nozzle, in 
which the flow accelerates to supersonic speeds 
( 4) A straightening part at increasing area of cross section 
in the direction or flow but decreasing 8ll81e or inclination of 
the wall to the nozzle axis; in this part, the flow is turned 
parallel to the nozzle axis With the deSired final Mach number 
unif01m across the exit section. 
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In a properly designed nozzle, there are no compression or expan-
sion Yaves in the flow downstream of the straightening portion. A 
streamline crossing such waves would be a1. tered in direction and 
Mach number, which is generally undesirable. 
The method of characteristics provides a means for obtaining 
the properties of a fluid moving at supersonic speed past solid 
s urfaces. A particular application at the method at character-
istics permits the solution of the inverse problem at obtaining 
the profile at the solid boundary that would create a desired 
supersonic flow. 
Graphical methods for designing two -dimensional nozzles by 
the method at characteristics, for example, are reviewed in refer-
ence 1. Graphical methods employing charaoteristics for obtaining 
nozzles free from waves in the final flow, however, are tedious ' 
and subject to the error inherent i n construction involving the 
plotting of many consecutive lines. 
The application of the method of characteristics to the 
analytical design of two-dimensional supersonic nozzles was CaR-
pleted at the NACA Cleveland laboratory in February 1947. Ana-
lytical expressions are obtained for the wall contours of the 
supersonic part ' of the two-dimensional nozzle. An analytical 
expression for the straightening part at two-dimensional nozzles, 
in which source flow is considered to exist in the expanding part, 
has been derived by Kuno Foelsch at North American Aviation, Inc . , 
but no method is given for creating such source flow. In order 
to present a complete discussion at two-dimensional nozzle deSign, 
the design at nozzle-wall contour for producing source flow in the 
expanding part of the nozzle and the des ign at the ccmplem.entary 
straightening part are presented . A less canplete treatment at 
this problem from a different point at view has been given by 
A. O. L. Atkin in a British report . 
A working knowledge of the method at characteristics is 
desirable in order to understand and use the nozzle -design method. 
For this reason, the form at the method of charac~eristics most 
convenient for discussing the method of' nozzle design considered 
is given in an appendix. A summ.ary of t he deSign equations and 
a sample nozzle design are included. 
Ml!!t'1IOD OF ANALYSIS 
It will be demonstrated that when s ource f l ow i s creat ed 
entirely across the nozzle channel at any sect ion, adjacent areas 
at the flow also have the properties at source flow. On this 
/ 
NACA RM No. EBB02 
basis, analytical expressions are derived for the nozzle-wall 
coordinates required to create a specified source flow in the 
expanding part of the nozzle and to turn that flow into a uniform 
stream parallel to the nozzle axis in the straightening part with 
the desired Mach number. Only' irrotational flows are oonsidered 
in this analy's is • The total temperature and the total pressure 
are constant throughout the flow. The flow adjacent to the nozzle 
walls is assumed to follow the wall contour at all times. 
Properties of Source Flow 
In moat conventional supersonic nozzles, source flow is 
approximated at the end of the expanding part at the nozzle. 
Because of the simple mathematical relat10ns governing source 
flow, it is deSirable to specify that perfect source flow e:z::1st 
at the end of the e:z::pancl1ng part or the nozzle to obtain ana-
lytical expressions at simple form for the nozzle-wall coordinates. 
The essential properties at two-dimensional source flow are 
illustrated in figure 2. In the supersonic part (solid lines), 
streamlines are straight and appear to diverge fram. the apparent 
upstream source O. All stream tubes with the same included 
angle e between bounding streamlines carry the same mass flow. 
)'rom. one-d1mensional supersonic-flow theory, which applies to 
this type of flow because the flow is unif'orm on circular cylin-
drical surfaces concentric With the apparent source, the Mach 
number at points a distance r (fig. 2) fran the apparent 
source is given by the following expression: 
where Ar is the flow area per unit depth normal to the stream-
lines at a distance r fran the source and Al is the correspond-
ing flow area at M = 1. (For convenience, all symbols are defined 
in appendix A.) The parameter rl is the distance from the 
apparent source to the arc at which the Mach number is unity, 
corresponding to the location of apparent throat of the source 
flow. The area at cross section normal to the flow at which 
M • 1 is 
-------- ~- --- -
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or 
Equation (1) then becomes 
r = (la) 
Expansion Waves and Characteristics 
According to the discussion in appendix B, changes in flow 
direction and Mach number in diverging channels are produced by a 
system of expansion waves originating at the channel walls. The 
change in flow direction due to an expansion wave from one channel 
wall is constant along Mach lines directed downstream frem their 
point of contact with the channel wall where the wave originates. 
In the absence of expansion waves from the second wall, these Mach 
lines are straight and all the flow experiences the same change in 
direction and Mach number between the same two Mach lines in the 
expansion wave. If the flow enters the channel with uniform direc-
tion and Mach number, the flow direction and the Mach number are 
constant for the entire flow along these straight Mach lines in the 
expansion wave. The Mach number and the flow direction are the 
same as that of the flow moving adjacent to the channel wall at the 
point of contact with the Mach line. A number can be assigned to 
the Mach line that is equal to an expansive angular turn about a 
corner in a wall, bounding the flow, required to convert a sonic 
flow (M ... 1) to the same Mach number as that along the Mach line, 
according to the well-known Prandtl-Meyer theory (reference 2). 
Mach lines so numbered are called characteristics. The character-
istics originating at the upper wall of the nozzle ' (fig. 3) are 
designated by (It' +) and from the lower wall by (It' _). Each pOint 
in the flow is crossed by a ('¥+) and a (It'_) characteristic 
corresponding to the two Mach lines through every point in a 
supersonic flow. The value of (It' +) assigned to a characteristic 
represents the counterclockwise angular turning that would be 
.... 
_________ ---.J 
r-
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experienced by the streamline coming from the left between the 
region where the flow is uniform. with a Mach number or unity and 
the ( ~) characteristic in the absence of the system of expansion 
waves deSignated by the ('l:'_) characteristics. , Similarly, the 
value of the ('l:' _) characteristic represents the clockwise turning 
experienced by a streamline fram. the left between the region where 
the Mach number is unity and the ('l:'_) characteristic in the 
aQsence of the system of expansion waves designated by the 
('l'+) characteristics. The counterclockwise angular turning pro-
duced by the expansion wave between two characteristics of the 
('l"+) set, designated ('4)1 and ('l:'+)2' is ('l:'+)2 - ('l:'+)l· 
Likewise, ('l'-)2 - ('l:'-)l represents the clockwise turning of the 
flow produced by an expansion wave or the ('l:'_) set. In appendix B, 
it is also shown that turning the flow in either the clockwise or 
counterclockwise direction due to the expansion waves frcm the 
nozzle walls is accanpanied by an increase of the cross section or 
the flow tubes with a consequent increase in supersonic-flow Mach 
number. The deviation of the flow produced by the waves corre-
sponding to one set of characteristics occurs independently or the 
presence of the wave of the other set. The combined effect or 
overlapping expansion waves of the ('l:'+) and ('l:') sets, as 
shown in zone ITl or figure 4, is obtained by adding the effect or 
the two sets of expansion waves considered separately. The total 
Prandtl-Meyer turning angle 'l:' assigned to a point F (fig. 4) is 
the sum of the ('fl+) and ('l:'J characteristics through the 
point F. If' M is the Mach number or the flow at F, then from 
reference 1 or 2 
( ) () -1 JIl--l -1 ~ 'l:'. 'l:'+ + 'l:' _ = f... tan f... - tan .j M--l (2) 
Also, the total counterclockwise angular deviation of the flow 
between the direction where the Mach number is unity and the 
point po is equal to 
(2a) 
If the values of ('l:' +) and ('l' J are known at all points in the 
irrotational flow~ the flow is ccmpletely specified because equa-
tions (2) and (2a) give the flow Mach number and direction at SJJ:f 
point. 
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In the nozzles considered, the throat section is followed by a 
part that produces a uniform. flow parallel to the axis at section II' 
(fig. 3) at a Mach number Mr greater than unity. Methods for 
creating this uniform. flow with the req,uired value of Mr are dis-
cussed elsewhere herein. The nozzle walls at section r are parallel 
to the nozzle axis. The first expansion wave emanating fram. the 
upper wall due to the counterclockwise turning of the wall at 
point r is bounded upstream by the (If+) characteristic, making 
1 
the Mach angle ~r (eq,ual to sin-1Mr) with the uniform flow of 
Mach number Mr' Similarly, the first expansion wave emanating 
from the lower wall due to the clockwise turning of the lover vall 
at I' is bounded upstream by the ('l'_) characteristiC, making the 
Mach angle i3r with the uniform. flow Mr. 
The flow in the nozzle between section I and the downstream 
characteristics through I and I' is uniform. and has the Mach 
number Mr because this space is not traversed by waves fram. 
either wall. In this zone the value of If is constant and ·is 
designated 'II I' corresponding to Mr (equation (2». Because the 
flow is uniform. and parallel to the axis at all points in this 
zone, from eq,uation (2a) 
and from eq,uation (2) 
(3 ) 
(3a) 
The downstream characteristics through the points'I and I' there-
fore have a value 
(4) . 
Because of the axial symmetry of the flow produced by similar upper 
and lover nozzle walls, the characteristics through I and I' 
(fig. 4) arrive at the opposite walls at corresponding points E' 
and E, respectively. At any point B (fig. 4) on the upper vall 
upstream fram. E, the wall makes an angle ~ with the nozzle axis. 
Between the points I and B, the streamlines mOving along the 'Wall 
... 
/ 
--~~~ . - --
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will be turned counterclockwise through an angle a.. The value of 
the (If +) characteristic through B is therefore 
'iiI ('¥+)B = ('¥+)I + a. = lr + a. (4a) 
and the value of the (If_) characteristic through B' (fig. 4) is 
Between the upper nozzle wall and the characteristic through I' 
(zone I, fig. 4), the ('¥+) characteristics are straight lines 
because the expansion waves fram the upper wall are not crossed by 
a:ny waves fran the lower wail. (See appendix B.) Likewise, in 
zone II the ('i' _) characteristics are straight for corresponding 
reasons. In zone III expansion waves fran the upper and lower walls 
overlap and the characteristics are curved. 
The complete wave pattern for nozzles of the type considered 
is shown schematically in figure 3. The first expansion waves to 
leave the nozzle wall at points I and I I are bounded upstream by 
the ('ii+)I and ('i'-)I ' characteristics, respectively. Because 
of the symmetry of the nOZZle, these characteristics arrive at 
corresponding points E ' and E on the opposite walls. Therefore, 
between points I and E no expansion waves are incident upon the 
nozzle walls. In the straight-walled part between sections EE' 
and SS I, expansion waves are emitted having strength equal. to the 
incident waves fran the opposite wall. In order that no expansion 
waves be emitted from the portion of the wall between S and N 
(straightening part), the wall in this part of the nozzle is 
curved toward the nozz l e axis. The curvature of the nozzle wall 
is the same as that assumed by the streamline moving along the 
wall under the influence of the incident expansion waves from the 
opposite wall. (See appendix B.) No waves are emitted by the wall 
between points S and N, therefore, and zones IV and V are traversed 
by one set of expansion waves whose characteristics are straight. 
Source Flow in Nozzles 
The nozzle-design method considered in this report is based upon 
establishing source flow at circular-arc section EE' (fig. 4). At 
this section the inclination of the wall to the axis has an assigned 
value ~ and the assigned Mach number at the flow is M:!!:. 
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The choice of the values of ~ and ~ at section EEl 1s con-
s idered ill the section entitled "DESIGN .OF C~E NOZZLE." It 
will first be shown that if source flow exists at section EE' 
it exists everywhere in zone III. The flow between points in 
zone III is then related by equation (la). This fact, together 
with the fact that the characteristics in zones I and II are 
straight, is the basis for establishing an analytical expression 
f or the nozzle-wall contour producing t he stipulated source flow 
at section EE' • 
The point of intersection of' the straight line tangent to 
the nozzle wall at section EE' (fig . 4) and the nozzle axis 
represents the location 0 of the apparent source creating the 
source flow through section EE' . At all points on section EE' , 
the Mach number i s constant . At a point on section EE' where the 
f low makes the angle e with the axis, the following relatione 
fran equations (2) and (2a) apply: 
where A c ~(r+l)/(r-l) 
(Sa) 
At a point F on section EE' through which the flow makes the angle e 
with the axiS, from equations (5) and (Sa), 
( 1Ji+) • 
'PE + e 
2 (6) 
and 
('1'_) D 
1JiE - e 
2 (Ga) 
Inasmuch as source flow exists on section EE ', e is known at 
every point on the section and the compl ete system. of character-
i stics can be specified on the section. 
The flow in the neighborhood at poi nt F on section EI!!' at 
which source flow is considered to be est ablished is shown in 
detail in figure 5. It will be demonstrated that at point G, a 
distance dr fran F toward the apparent source along the stream-
line through F, the streamline has the same direction as at F. 
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Moreover, on the circular-arc section through QG concentric nth 
0, the Mach number is constant. Because the Mach number is 
constant on section EE', from equation (5), or (6) and (6a) 
9 
a( ~+) a( ~_) 
--ere- = - - ae (6b) 
holds for all points on sa-ction EE'. The ( ~+) and (IF _) char-
acteristics GJ and GH make the Mach angle ~ with the stream-
line through point F , so that the length of arcs HF and FJ 
are equal according to the equation 
(7) 
Therefore 
(7a) 
At point G 
eG = C~+)G - C ~-)G = [C ~+)F - O~!+) aeJ - [CW-)F + O~!_) de~ 
From equations (6b) and (7a) 
a( ~+) del = _ a( ~ _) de
2 ae ae 
eG = (~+)F - ( ~-)F = 8.F (8) 
The streamline through G therefore has the same direction as the 
streamline through F. Also, from equations (2) and (6b) and the 
expressions for ( ~+)G and ( ~ -)G used in equations (7b~ there 1s 
obtained 
(9) 
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From equation (7 ) 
and 
IF 'Y + 2 d('Y_) dr tan ~ 
G = 11' 08 r (9a) 
But fran equation (6b) 
0('Y_) O&'Y+) - ('Y_~ 08 
--c .-. 
08 08 08 
Fran equat10ns (9a) and (9b) 
and 
dlP tan @ 
dr = r 
0('Y ) 
1 • - 2 -
08 
(9b) 
(10) 
This expression is independent of 8. Therefore, because tan ~ 
1s constant on section EE', on arcs a constant distance' dr from 
s ection EE' the value of d'Y is constant. The circular-arc 
s ecti on QG is therefore also a section on which source flow 
exists. A repetition of the developments Just described would 
establish that source flow exists in zones adJac~nt to circular 
arc QQ.. 
I n this way, source flow can be shown to exist in zone III 
(fig. 6) to the left of section EE'. In the upper half of the 
nozzle, source flow is limited to the zone (zone III) between 
s ection EE' and the ( 'Y-)I' characteristic through t he nozzle 
v~ll at point E. (See fig. 4.) At all points in t his zone, both 
('Y+) and ( lP _l characteristics belong to the system of character-
i stics giving so~e flow at section El '. At a point K outside 
t his zone, the ( lPJ characteristic is not part at the system at 
characteristics that is ASsociated with the source flow speo1tied 
f or section EE ' and the source flow does not inQlude point K. 
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'rhe existence of the zone at source flow (zone III) (fig. 6) 
can be shown b1' physical reasonine as well. If' the flow through 
the nozzle were reversed, the supersonic flow being from the test 
section to the throat , and if' souroe flow existed at seotioo D' I 
then the expansion wave fran the wall at point :s would be bounded 
upstream b1' the (lJI-)I' characteristic through E. The influence 
at the change at wall contour at E would be affective in the flow 
downstream of this characteristic. Between section D' and the 
(1JIJI' characteristic, no change frail. source flow would ocour. 
Coordinates or Wall Contour or E:z:p8D8ion Part at Nozzle 
The coorcU,nates of the nozzle walls x,y that produce source 
flow at section D' are obtained in the following developlUlllt: 
The origin or the coordinates is taken as the apparent souroe 
(fig. 6) and X and Y are taken parallel and nomal to the axis 
or the symmetrioal nozzle, respecti vel;r • The ooordinates at points 
on the oharacteristios will be designated x,1'. 
According to figure 6, the equation at any (1.P_)z character-
istic in zone III is given as 
X :0: r cos 8 
l' • r sin 8 
where 
frail. equation (la). J'raIl equation (2a) 
(11) 
(lla) 
(llb) 
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e - ('l'+) - ('l'JZ II: (IF+) + (IFJZ - 2 (IF_)Z 
= 't..tan-l ~ - tan-l jll--l - 2 (1F_}z 
= IF - 2 (IF ) 
- Z (110) 
The justifioation for substituting At for Al and ~ for emax 
i n equation (la) to obtain equation (llb) is based on the following 
oonsiderations: The · mass flow ,across section EE' is the same as 
t he mass flow throush the nozzle throat, where M ... 1. I1' source 
f low actually existed for all the flow upstream of seotion EE ' , 
t he flow would be oontained between straight lines OE · and OE' 
(fig. 4), whioh make the angle ~ with the axis. At the hypo-
thetioal seotion rl (fig. 2), where Mel in source flow, the 
density and the floy velooity YOuld be the same as the oorrespond-
i~g values for the nO%.7.1e throat. Beoause the mass flow is the 
same across the Al seotion and the nozzle throat, the flow area 
must be the same in both oases: 
In :partioular, for the ( 'l'_}I' oharacteristio bounding 
zone III (fig. 4) 
From equation (4) 
and frcm equation (llc) 
and r is given by equation (llb). 
The nozzle-wall coordinates of the expanding part oan now 
(lld) 
be direotly obtained from the following argument: Because zone I 
contains expansion waves from only the upper vall, a oharacteristic 
<D 
t-' 
t-' 
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such as UV (fig. 6) in zone I is straight and the flow at every 
point on the line has the same Mach number and flow direction e. 
(See appendix B.) The flow lines crossing each characteristic at 
13 
tm.y point in zone I make the same angle ~. sin-l h with the 
character1stic. Source flow exists on circular arc VW concentric 
with 0 and the Mach number is constant for all points on the arc. 
Point V is cammon to the arc VW and the Mach line UV and, 
inasmuch as there are no discontinuities in the flow, the Mach num-
ber is constant along the line UVW. Because the flow is considered 
to have constant total pressure and total temperature, ' the properties 
of the fluid, such as density, static pressure, static temperature, 
and flow speed, are constant along line UVW. The continu1ty con-
di tion for steady flow requires that the mass flow be the same across 
sect10n EE' and UVW. If source flow did exist 1n the entire wedge-
shaped zone between the nozzle axis and the straight line OE, the 
Mach number at the flow across arc TV concentric with 0 would be 
the same as actually exists along VW or UV. The mass flow that 
crosses Mach line UV would cross arc TV with the same density and 
velocity. The area 1 sin ~ normal. to the flow crossing Mach 
line UV must therefore be equal to the area normal to the assumed 
source flow crossing TV. As TV is the arc normal to the direc-
tion of the assumed source flow, 
1 sin ~ = r(CXt:E-e) (12) 
1 By means of the relation sin ~ E M 
If X,Y and x,y 
the coordinates of the 
fran figure 6 
x ... x-I cos 
y .. y+l sin 
Negative values of X 
1 = Mr(~-e) (12a) 
are taken as the wall coordinates and 
(~-)I' characteristic, respect1vely, then 
(~-e) z: r cos e - Mr (~-e) cos (~-e) (13) 
(~-e) = r sin e + Mr (~-e) sin (~-e) (13a) 
are possible. 
All terms in equat10ns (13) and (13a) are funct10ns of M. 
These functions, taken fram. equations (lIb) and (lld), are 11sted 
here for convenience: 
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6 • h ten-l ~ - ten-l /""-1 - 'I 
Values for 
and 
6 + 1l'r .. 1l' = A tan -1 ~ - tan-l JM2_1 
are given in table I, column 5. 
The values of M used in eQ,uationa (15) and (15a) range tran 
MI to M.E. The. method at selecting ~ will be discussed in con-
nection with over-all n~zzle-design consideratiacs. The values at 
Mr , and M]!! depend on the choice at CJ.:I in a manner to be dis-
cussed subsequently. 
Once source .tlow is established at section D' bl' nozzle 
valls shaped. according to equations (15) and (1.5a), the source 
flow across the ccmplete channel continues downstream ~ sec-
tion EE ' as long as the nozzle vails are straight end haTe 
the inclination a.E with the nozzle ans. Davnatream. at sec-
tion SS', the end at the straight-walled part . (fig. 7), the 
source-flow zone extends fran the axis to the ('4)8 character-
istic in the upper half' at the nozzle end the (IF -)8' charac-
teristic in the lover half at the nozzle . The proat at this 
to 
...... 
...... 
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. fact is s1m1lar to that given previously for the zone 1JmIed1ately 
upstream at section 1m' (f1g. 5). 
Value at 1ftI 
If' the un1f'orm parallel flow across section II' (fig. 4) were 
at a Mach number at unity, both limit1ng Mach lines, or character-
istics, I'E and IE' would leave their respective nozzle valls 
with direct10n normal to the nozzle axis and would arrive at the 
opposi te wall vi thout displacement downstresm. In this case the 
length of the expanding section of the nozzle would be zero. 
The minimum value at 'PI required to obtain a length at 
nozzle sufficient to permit an assigned value at eL.I at section D' 
is obtained from the physical. requirement that the value at M 
must al~s increase nth increasing value of' X, the nozzle-wall 
coordinate given in equation (13). The m:fn1111lDD value of' Mr, cor-
responding to the m.1n1:amm value at 'PI' (equation (2» 18 obtained 
frCJJl 
(14.) 
for 1. 1.400. The development at this equation is given in 
append~ C. Values of MI less than those given by equation (14.) 
give negative values of' ~ in the neighborhood of' section I. 
A plot at equation (14) is given in figure 8. 
The highest value ~ can have (fig. 8) is about 310 , correspond-
ing to a value at MI. 2. Source flow cannot be produced in nozzles 
with ~ greater than 310 • The corresponding values at 'PI given 
by equation (14) lie between 0 and 'Pl corresponding to Kr. 2. 
The values or 'PI plotted in figure 8 are min1Jl.um values. Over-
all destgn considerations or ease or cCJJlputation ~ suggest values 
of 'PI greater than these m:fn1mum values. If' a higher value is 
chosen for 'PI' the corresponding value at a.x required to obtain 
the deSired value at Mr is computed in a manner to be considered 
in the section entitled "DeSign of' CCJJlplete Nozzle." 
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Wall contour at straightening Part of Nozzle 
The straightening part of the nozzles considered converts a 
supersonic source flow into a uniform. flow parallel to the nozzle 
axis. Consider a supersonic source flow at circular-arc section SS' 
concentric with apparent source (fig. 7). Circular-arc section SS' 
may be -coincident with section D' or may be a section downstream. 
of section EJ!:'. If it is downstre8Dl, source fl.ow exists across the 
entire straight-wall.ed channel of the nozzl.e between sections EI' 
and SS I. Because the nozzl.e -wall. curvature between points S and 
N wil.l. influence the fl.ow only doWstream of the forward Mach line 
through point S «1JI+)s characteristic), the source flow ends at 
the (IJI+)S characteristic upstream of point F. 
The straightening part of the nozzle is-desi~ed on the prin-
ciple that the wall contour is shaped to conform to the curvature 
of the streamline adjacent to the wall that is turned by the inci-
dent expansion wave fran. the oppos1te wall. No emission of either 
expansion or can.pression waves occurs fran the vall so shaped. 
This point is discussed in appendix B. The (1JI+)s characteristic 
therefore represents the downstream limit of all expansion waves 
emanating from the upper nozzl.e wall. The zone enclosed by the 
lines joining the points SFN contatnA waves that originate at 
the lower nozzle wall only. The (IJI_) characteristics in this 
zone are therefore straight. (See appendix B.) 
The equation of the limiting characteristic (1JI+)s is 
obtained by making use of the fact that source flow exists in the 
adjacent area upstream of the (1JI+)s characteristic. If' x and 
y are the coordinates parallel and nonnal to the nozzle axiS, 
respectively, of the (IJI+)S characteristic with the origin taken 
at the apparent source, then 
x = r cos 6 
y .. r sin 6 (15 ) 
where r is g1ven as a function of M by equation (llb). By the 
same reasoning used to obtain equation (lld), 6 is obtained as 
6 • (IJI+)S - (IJI_) .. - ~1JI+)s + (IJI-B + 2 (IJI+)S .. 2 (IJI+)S - IJI 
. 
= 2 (IJI+) - t.. tan-l. ~ + tan-l JM2_1 
S t.. (16) 
j 
.. 
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The values of M r8Zl8e trom Mg to Mt. The evaluation of (IF+)S 
is obtained trom the observation that a streamline along the nozzle 
axis arriving at point F (fig. 7) will have crossed all expansion 
waves emanating tran both walls and will , therefore be at the f1nal 
flow Mach number M.r corresponding to a total turning angle 1Ft • 
Because the inclination of the tlow to the axis is zero at point F, 
values of' (IF+) and (IFJ of the characteristics through point F 
are given by the equation 
e = (IF+)F - ( IF -)F - 0 
Moreover, the ('l1+> and ('l1_> characteristics through F are the 
limiting characteristics ('l1+)S and (':P-)S', respectivelyj therefore 
('l1+)F = ('l1+)S ... ('l1JS ' ... (':P-)F 
because in a symmetrical nozzle ('l1+)S = ('P-)S" and 
'PF - ('P+)F + ('P-)F = 2 ('P+)F = 2 ('P+)S 
(16a) 
The flow through point F is at the final Mach number Mr. There-
fore, 'PF = 1Ft and equation (16) can then be written 
.0 rrr TTl '\ t -1.N;i t -1 ~ (lSb) 
1;1 ... xf - r • IFf - ,.., an A + an ./M"-l 
where M has values between Me and M:r. The value of Me cor-
responds by equation (2) to 'PS. ('P+>S + (IF_)S. Because the flaw 
direction at point S makes the angle ~ with the nozzle axis 
(fig. 7) 
Therefore, trom equation (16a) 
'P S • 2 (IF +)S - a.E • 'Pt - a.x (16c) 
The coordinates X, Y of' the nozzle vall tor the straighten-
ing part are obtained in a lI18mler similar to those for the expand-
ing section. A characteristic (such as GH in zone IV, (f1g. 7» 
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included in area ' SFN is straight and the Mach number is constant 
along the characteristic. (See appendix B.) Consequently, the 
flow direction, pressure, temperature, and velocity are constant 
along such characteristics. Along the circular arc GD, source 
flow exists and the Mach number, pressure, and temperature are 
constant. Only the flow direction varies along GD. As point G 
is common to GH and arc GD, the physical properties of the 
fluid and the flow speed along GD are the same as along 00. The 
area of flow normal to the streamlines along HIX} is 
A = r e + 1 sin ~ (17) 
If source flow had existed downstream of section SS', as it would 
have if the nozzle walls had continued downstream straight through 
S, then the mass flow across arc BGD would have the same value 
as across HGD. The fluid would also have had the same pressure, 
temperature, density, and flow Mach number as actually exists on 
arc GD, which does support source flow. The area normal to the 
flow across BGD would therefore be the same as for the flow that 
does cross liGD and from equation (17) 
~E ere + 1 sin ~ (17a) 
1 
sin ~ = M 
Theref ore, if X, Y and x, y are 
straightening part and the ('li+)S 
X = x+l cos (e+p) = r cos 
(17b) 
the nozzle-wall coordinates of the 
characteristic, respectively, then 
e + Mr (~-e) cos (e~) (18) 
Y = y+l sin (e+~) = r sin e + Mr (aE-e) sin (e+~) (18a) 
The values of r are obtained from equation (llb) ann are tabu-
lated in table I, ColUIml 4. The value of e is obtained fran 
'lif-e (given in table I, column 3) corresponding to the value of 
M for which the point (X, Y) (equations (18), (18a)) is being 
obtained. The value of 'lif corresponding to Mr, the final Mach 
number of the nozzle, is also obtained from table I, column 3. The 
value of M to be used in equations (18) and (18a) ranges from 
Ms to Mr· 
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DESIGN OF COMPLEl'E NOZZLE 
Supersonic nozzles are generally specified in terms of the 
crOSB -sectional area of final un1t:onn flow At: and the final Mach 
number Mr. The nozzle-throat area 1s obtained by the one-
dimensional-flow equation 
for which values are tabulated in table I. 
Nozzle without Straight-Walled Part 
The shortest nozzles that may be designed by the method 
reported are those wit hout a straight-walled part between sec-
tions EE I and SS I. The straightening part immediately follows 
the expanding part. For a given value of MI and given final 
Mach number Mr, the value of ~ is fixed by the following con-
sideration: Because a.E is the angle through which the nuzzle 
wall turns between section III and section EE ' (f1g. 3), then 
(19) 
By equation (4) 
(19a) 
The value of ( '11+ ) remains constant at ( 'P+)E downstream of 
the ( 'P+)E characteri stic because no add! tional waves are emitted 
from the upper wall of the shortest nozzle (f1g. 9). The value of 
( '11_) likewise remains constant at ( 'P-)E I downstream of the 
( 'P -)E' characteristic. At the end of the nozzle, where the flow 
is parallel to the nozzle axis With a uniform. Mach number Mr, 
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1!'f .. (1!') + (1!') 0: 2 (1!'+):a: - 2 (1!'-)E I + E - E I (19b) 
Fran equation (19), th",ref'ore 
(190) 
The angle ~ is a1.w~ less than one-half the equivalent turning 
angle 1Ff required to obtain the final Mach number Nt. 
Considerations of nozzle construction or flow stability ~ 
SU€'8est a desirable value at ~. Then 1!'I is given by equa-
tion (19c) for 8. nozzle of given final Mach n'UDlber ~. The value 
of ~ chosen must correspond to a value of 1!'I by equation (190) 
that is equal to or greater than the minimum 1!'I oanputed by 
equation (14) for the same value of CL:E. (See fig. 8.) A small 
saving in length of nozzle is made if' a value of ~ and the cor-
responding value of 1!'I are obtained fram the simultaneous solu-
t ion of equations (14) and (190). These are given in a plot at CJ.:I 
and the corresponding minimum value of 'l'I required is given in 
figure 10 tor a range of values of Mr fran 1 to 10. In the high 
range of values of final Mach number Mt, WI exceeds a.:E. If 
large values of WI are undesirable, lower values may be used in 
conjunction with a straight-walled part of the nozzle as discussed 
in the next section. 
N02.zle With Straight-Walled Parts 
If nozzles are desired having known values of ~ and WI 
less than those given by equations (14) and (19c) (fig. 10) then a 
straight-walled portion of the nozzle i s required downstream of 
section EEl to obtain the desired value of M.r. The length of 
the required straight-walled part is obt ained as follows: Aooord-
ing to equation (llb), which applies to source flow, the axial 
distance between circular-arc sections EEl and SSt is 
---_ .- --_. 
. ' 
.-I 
.-I 
m 
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(20) 
rhe values or M.E and Mg are obtained fram the corresponding 
values or WE and 11'8 evaluated in the following manner: 
The expression for 11' E is obtained fran equations (4) and 
(480) and figure 4 as 
Frcm equation (l6C) 
(2Ob) 
The values of 1l'E and W S fram equations (20a) and (2Ob) 
provide by means of table I, columns 1 and 3, the corresponding 
value of M.E and Ms required in equation (20). The values at 
rS and IE likewise can be obtained fran table I. The only 
theoretical condition on the choice of WI and ~ is that WI 
shall not be less than the value given by equation (14) (fig. 8) 
for the value of ~ chosen (less than 31°). 
Design at Initial Expansion Part 
Exact nozzle-vall contours for converting a uniform flow at 
Mach number unity to a uniform supersonic flow at Mach number HI 
can be obtained by shaping the nozzle walls to conform to the 
streamlines corresponding to the turning of a sonic flow about a 
corner according to Prandtl-Meyer theory. (Ccmplete nozzles built 
according to this method have excessive length for high finai 
Mach numbers. This length is tmdesirable if thick boundary layers 
on the nozzle walls are to be avoided.) 
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Four alternate applications of the use of the solution for the 
tum about a comer to obtain the wall coordinate of the initial 
expansion part are illustrated in figure 11. In figure ll(a) is 
shown the subsonic entrance part, the nozzle throat, the initial 
expans ion part, and the expanding part of the noz z 1e • The. lower 
wall of the initial expansion part is a sharp corner at 0 with 
an angle equal to 'I'I. The upper wall haa the contour of a stream-
line of the flow around the sharp comer. In figure 11(b) is 
illustrated the same type of initial expansion part in which the 
sharp comer at 0 of figure 11(a) is replaced by a streamline of 
the flow around the sharp corner. In the arrangements of both 
figures 11(a) and 11(b), the axis of the subsonic entrance makes 
the angle 'I'I with the axis of the supersonic part of the 
nozzle. The axis of the subsonic inlet can be made parallel to, 
but offset from, the axis of the supersonic part of the nozzle 
by producing the initial expansion of the flow by means of a 
counterclockwise and clockwise turning of the flow about a corner 
at the upper wall (point ~, fig. ll(c» and the lower wall 
(point O2) each of angle 'I'I/2. As in the case shown in 
figure ll(b), the comers at 01 and 02 can be replaced by 
streamlines. The arrangement illustrated in figure ll(d) uses 
a plug whose contours downstream. of the throat are shaped to con-
form to streamlines for the flow aroUnd the corners 0 and 0' 
on the upper and lower walls, respectively. The turning angle 
at 0 and 0' is 'I'I degrees. The initial expansion of the 
flow is, in effect, accomplished by two separate initial expansion 
parts in parallel. The axis of the subsonic entrance is in line 
with the axis of the supersonic part of the nozzle. 
An alternate form of the arrangement of figure ll(d) is shown 
in figure ll(e). No plug is required in this initial expansion 
part. The expansion waves aris ing at the turns at 0 and 0' 
are intercepted without further remission by the opposite walls. 
As all the streamlines cross the expansion waves from both the 
upper and lower wall, the turning angles at 0 and 0' are 
'I'I/2. The wall contours of the arrangement shown in figure 11 (e) 
are not streamlines of a Prandt1~eyer turn about a corner, but 
must be obtained by the standard graphical method to be discussed. 
The expressions for the coordinates of the wall contour in 
which the initial turning of the flow is produced are now obtained. 
In figure 12 is shown the supersonic flow about the corner of 
a two-dimensional wall in a supersonic flow of infinite extent. 
According to Prandtl-Meyer theory the Mach number of the flow is 
constant along radial lines from the corner and all flow lines 
CD 
I-' 
I-' 
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crossing a given radial line are parallel at the radial line. For 
a flow line a distance dl fran the corner Cl along a radial 
line, the total flow area normal to the flow Aa. is dl sin 13. 
Fran the geometrical relation shown in figure 12, the coordinates) 
at a given streamline (wall coordinates) are 
Xl • dl cos (f3 + ~I - ~) (21) 
Yl = dl sin (13 + ~I - ~) (2la) 
where 13 = sin-l ~ (1 ~ M $ MI). The value of dl is obtained 
fran the one-dimensional flow relation 
dl ~ z.:! 02)2r;:1} MIl + 2 M-
'"' -=-dO M 2'+1 
2 
(2lb) 
When the short wall of the initial expans10n part is a sharp corner, 
then do is equal to the width of the nozzle throat. If both 
walls in the initial turning portion of the nozzle are to conform 
to streamlines as illustrated in figure ll(b), the throat width 1s 
given by dO - bOo The coordinates of the long wall are given by 
equations (21) and (2la) and of the short wall by the same equation 
w1th b1 and bO subst1tuted for dl and do, respectively, in 
equat10ns (21), (2la), and (21b). The values of d/do are given 
in table I, column 5. 
When the 1n1 t1al expansion to M:r is accanplished in tva 
steps, as shown in figure ll{c), the coordinates of the walls of 
the first part are given by equations (2l) and (21a) with ~I 
replaced by ~I/2. The coordinates of the wall of the second 
section about point C2 are obtained fram. the geanetric relations 
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illustrated in figure 13, The angle between the flow direct10n at 
R and at G, where the flow direction is parallel to the nozzle 
walls, is 'lII - 'lI. If D is a point on the wall opposite to the 
location of corner 02 and d2 is the variable length 02D, then 
the coordinates of the wall are 
(22) 
(22a) 
The coordinate axes at 02 are turned at an angle 'lII/2 with 
respect to the axes at 01' The value of M ranges from Mn to 
MI, where ~ corresponds to 'lII/2, or 
Moreover, 
~ + ~ ~)2f;:l) ~ a: do 7+1 2 (22b) 
(from equation (2lb». Values of d2/do, shown as dIdo, are 
gi ven in table I, column 5. Point 02 can be coincident with 
point B (fig. 13). 
If the coordinates of the walls with ·smooth turns (fig. 14) 
are desired in place of the sharp turns at 01 and 02' they are 
obtained as before with bl, · b2, and bO substituted for dl , 
d2, and do, respectively, in equations (21) to (22a). The 
nozzle-throat width is then dO - boo 
When a plug is used in the initial expa.noion part of the 
nozzle, as in figure ll(d), each wall has a turn equal to 'lIr; 
each turn influences the flow between the corresponding wall and 
the plug. The coordinates of the plug (fig. ll(d)} downstream at 
the throat are given by equations (21) and (21a), in which do 
is now the distance from the wall to the plug at the throat 
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section CB. Smooth turns . can be substitu'ted for the corners at C 
by the method discussed in connection with figure ll(b). Bo1.mdary-
la;rer developnent on the plU8 may produce an undesirable wake. 
This condition m~ be alleviated by the boundary-1~er-removal 
arrangements illustrated in figure ll(d). 
A graphical method for obtaining wall contours for the in1tial 
expansion corresponding to the configuration shown in figure ll(e) 
is illustrated in figure 15. The system of ('P+> and ('P_> char-
acteristics emanating fram. the corners C and C' are curved in 
zone I to account for the effect of one set _of expansion vaves. on 
the other in accordance with the discussion of appendix B. In 
zones II and III, the characteristics are straight because the 
nozzle valls are curved to prevent emission of waves downstream. at 
points 0 and 0'. Because all expansion waves frau. .0 end 0' 
remain upstream. of the ('P+> and (1J!_> characteristics equal to 
'PI /2, ('I'+> is constant everywhere in zone II at a value of 'P I /2. 
In zone III, ('P_> is likewise constant everywhere at 1J!I/2. If 
MI represents the M8.ch number of the flow at section II' (fig. 15), 
then the width of the nozzle at section II' is obtained fram the 
one-dimenaional supersonic-flow relation 
Values of the right side of equation (23) are given in table I, 
column 4. 
(23) 
Because the change in wall contour between points B and G 
(fig. 15) is made to conform to the curvature of the adjacent 
streamlines produced by the incident expansion waves, the change 
in wall angle ex. between B and G on the upper wall (zone n), 
is 
6ex. • 69 = 9G - ~ • ('P+)G - ('P->G - ('P+)B + (1J!-)B 
WI 
or, because (W+>G = (W+>B = 1! ' 
(23a) 
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for, from the previous discussion, 
Similarly, on the lower wall (zone III) 
(23b) 
Beginning the graphical la,yout of the walls frOOl section II', haVing 
the calculated 'Width wI' in the manner shown at the lower wall 
(fig. 15) is advisable. This procedure insures that the ratio of 
the area at section II' to the throat section is correct and gives 
the deSired value of MI' The line HJ is drawn, making the 
angle ~~ 'With the nozzle axis as determined by equation (23b). 
The line JK is drawn likewise, making the angle t:.~ with 
line HJ as determined from equation (23b) with K and J 
substituted for J and H, respectively. The polygon obtained 
by the method just described is replaced by a smooth curve through 
the vertices of the polygon. 
The system of characteristics for zane I of the initial expan-
sion part of nozzles having values of MI up to 1.536, which cor-
responds to an initial turning angle of 130 , is reproduced in fig-
ure 16. The zone I characteristics for an initial expmlSion part 
of equivalent angle ~I are obtained by selecting all (~+) and 
( ~_) characteristics having values equal to and less than ~ I/2. 
The zone II characteristics are obtained by continuing the set 
of (~_) characteristics as straight lines in the direction of 
the tangent to the characteristics at their point of intersection 
with the ( ~+) characteristic equal to ~I/2. The zone III char-
acteristics are obtained by continuing the set of (~+) character-
istics as straight lines in the direction of the tangents to the 
characteristics at their intersection points with the (~_) char-
acteristic equal to '1!I/2. A plot s 1milar to that given in 
figure 15 results. Because the wall contour is determined by the 
zone II and zone III characteristics, the zone I characteristics 
need not be plotted. From zona I is obtained the direction and 
the coordinates of the zone II and zone III characteristics at the 
point of contact with the limiting ( ~) and ( ~_) characteristics 
equal to '1!I/2. The' direction and the coordinates of the character-
istics can be obtained fram the coordinate system given in figure 16. 
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Tracings from figure 16 will be inaccurate because of the distor-
tion af the figure during reproduction. The system of character-
istics is given for a nozzle having a throat width of 24 inches. 
The coordinates of the characteristics for nozzles having a differ-
ent throat width At are obtained by multiplying all coordinates 
given in figure 16 by At/24. The slopes of the characteristics 
remain unaltered. 
Estimation of Nozzle Length 
The length of the supersonic part of the nozzle (fig. 17) 
is 
(24) 
As Xi is the coordinate of the downstream end of the nozzle 
where M is equal to Mr, its value is given by equation (18) 
with e = 0 
(24a) 
where r f is obtained from table I with M = Mr. The value of XI' 
given by equation (13), corresponds to the coordinate of section II' 
where M equals MI and e = 0 
XI = rI (1 - M~E cos ~I) (24b) 
Negative values of XI are possible. 
The length of the initial expansion part Le (measured along 
tb3 nozzle wall) is generally le8S than 10 percent of the total 
length of the nozzle. The following approximate expressions for 
La will in general suffice: 
1. For one turn about a corner (fig. ll(a)), 
(24C) 
where ~I is obtained from tabla I for M = Mr. 
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2. For two turns in succession about a corner at each wall 
(fig. 11(c», 
o 1FI 
Le ~ dO tan C+ vI tan E • do tan (90 +"2 - ~n) 
IJiI 
+ vI tan (900 - ~I) • do cot (~n - T) + vI cot ~I 
(2M) 
-1 1 / where I3n = sin Mn,' and Mn corresponds to IJiI 2 fraa table II. 
3. For the nozzl e with t he plug (fig . ll(d», t he value at Le 
is O. 
4. For t he short nozz Ie at the throat (fig . 11 ( e », the axial 
length of the corresponding initial expansion part is 
approximately 
(24e) 
RF.MAR.KS ON APPLICATION OF Dl!SIGN MITROD 
Mathematical expressions for the wall coordinates of super-
s onic nozzles in which source flow is developed are valid for 
va l ues of ~ equal to or less than 310 • The assumption that the 
flow follows the nozzle wall for values of ~ up to 310 must be 
verified by experiment. The use of sharp corners at the initial 
expansion part mus~ be checked as well. Until this check is l!I8de, 
~ r:tJB3 well be restricted to known safe Talues and smooth turoa 
used instead of sharp corners. Because of the favorable pr8o!lsure 
gradient in the expansion part of the nozzle, however, the flow 
wil l probably follow the nozzle wall for all values of ~ per-
mitted by the theory. Satisfactory flow around. sharp corners is 
a l so likely for the same reason. 
A sample calculation is given in table III of all the design 
parameters and typical wall coordinates for tvo nozzles having a 
final Mach number of M = 3.50 and. a final width of 10 inches. 
One nozzle haa an initial turning part consisting of one turn 
to 
t-' 
t-' 
J 
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about a sharp corner and belonsa to the class of shortest nozzles. 
The other nozzle has an initial turning part consisting at two 
turns about sharp corners and contains a straight -walled part. 
No account was taken of the ef'fect of boundary-1SJ'er growth on 
the walla on the nozzl e flow. If the proper distribution at 
boundary-1SJ'er displacement thickness is known, the local Y coor-
dinates obtained by the equations at this report should be increased 
by this boundary-l83"er thickness. It is important to correct the 
shape at the straight-walled part at the nozzle for the boundary 
l83"er in order to avoi d the emission of uncompensated compression 
waves that mBJ produce a shock front somewhere in the flow. 
Flight Propulsion Research LAboratory, 
National Advisory Ccmm1ttee for Aeronautics, 
Cleveland, Ohio. 
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APPENDIX A 
SYMBOLS 
The following symbols are used in this report and are illus-
t rated in the figures: 
A 
D 
L 
L 
e 
~ 
M 
area normal to flow direction (Because unit depth 
is assumed at all nozzle sections, the area at any 
section is numerically equal to the width of that 
section. ) 
source-flow area normal to f low direction at section 
where M = 1 (equivalent throat area) 
area normal to flow direction in expansive turn 
around corner 
cross-sectional area of nozzle bearing uniform flow 
at Mf (nozzle exit) 
source-flow area normal to flow lines at radial dis-
tance ,r from apparent source 
nozzle-throat area 
radial distances from "corner" to streamline repre-
senting adjacent nozzle wall (see figs. 11 to 14) 
displacement 
radial distances from "corner" to streamline repre-
senting remote nozzle wall (see figs. 11 to 14) 
length of supersonic part of nozzle 
length of initial expansion part 
distance along characteristic from nozzle wall to 
limiting characteristic (~_)I" (W+)E' or (W+)E 
Mach number 
Mach number of flow at circular-arc section EE' 
final Mach number of nozzle flow 
<.0 
I-' 
I-' 
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r 
r E 
r f 
r I 
rS 
WI 
X, Y 
Xv Yl 
X2, Y2 
x, Y 
Mach number of flow at section II' 
Mach number or flow at first half' at initial expan-
sion part 
Mach number of flow at circular-arc section bearing 
source flow at distance r fram source 
Mach munber of flow at circular-arc section as' 
radial distance along streamline or nozzle axis from 
apparent source 
radial distance between apparent source and circular 
arc section at which sonic velocity (M = 1) 
exists in source flow 
radial distance of circular-arc section EE' from 
apparent source 
radial distance between apparent source and location 
of point on axis where Mr is f irat attained 
distance along nozzle axis from apparent source 0 
to (~+)I or (~-)I' 
radial distance or circular-arc section as' fran 
apparent source 
width of section II' 
nozzle-wall coordinates 
nozzle-wall coordinates of initial expansion part 
opposite first corner 
nozzle-wall coordinates of initial expansion part 
opposite second corner 
distance of downstream end of nozzle fran apparent 
source 
distance of section II' from apparent source 
coordinates of characteristic 
inclination of nozzle wall to nozzle ax1s 
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1 
e 
er 
f... = 
t 
'II 
r~+) 
('PJ 
'l'f 
'l'r 
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maximum inclination of nozzle wall to nozzle axis 
(corresponds to wall inclination between circular-
arc sections EE' and SS') 
Mach angle (13 = sin-1 11M) , angle between stream-
line and Mach line or characteristic 
Mach angle at section EE' 
Mach angle in final unifonn nozzle flow 
Mach angle at section II' 
Mach angle at first half of int tial turning part 
ratio of specific heats 
angle between characteristics bounding zone of 
expansion waves from corner C 
angle of inclination of streamline to nozzle axis 
one-half included angle between boundary streamlines 
of source flow (lIl.8.Ximum possible e in source 
flOW) 
angle of inclination at r 
)1 + 1 
1 - I 
angle between downstream characteristic through 
corner C2 and section II' 
equivalent Prandtl-Meyer turning angle 
characteristic originating at upper nozzle wall 
characteristic originating at lower nozzle wall 
value of 'II at nozzle exit 
value of ~ at section II' 
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Points along the nozzle wall or in the flow are designated by 
letters; letters for points along the lower nozzle wall are primed. 
Sections (cross · sections through the two-dimensional flow, which 
are therefore only lines) are designated by the two letters ending 
the lines. Point-designation letters are in scme places used as 
subscripts for clarity. Zones (region or d1ff'erent k1nds or flow.) 
are designated by Roman numerals; parts or the noz~le, which, like 
the zones, have two dimensions, are called by namo. The followiDg 
location letters are used: 
C corner in nozzle wall bounding sonic or supersonic f'low 
0' corner in lower nozzle wall corresponding to 0 
E point on upper nozzle wall at circular~arc section at whioh 
source flow is f'lrst established across entire channel or 
nozzle 
E' point on lower nozzle wall corresponding to It 
I point on upper nozzle wall representing downstream boundary 
of initial expansion part 
I' point on lower nozzle wall corresponding to I 
o apparent source 
S point on upper nozzle wall at last circular-arc section at 
which source flow exists across entire nozzle chaonel 
S· point on lower nozzle wall corresponding to S 
other capital letters are used to designate arbitrarily chosen 
pOints and as subscripts referring to those points; 8., b, c, and 
d are used as subscripts in appendix B to indicate hypothetical 
values. 
---- - - ~----
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APPENDIX B 
MEl'HOD OF CHARACTERIsrICS IN NOZZLE DESIGN 
Expansion Waves Generated at Channel Walls 
The form of the method of characteristics found most convenient 
for designing two-dimensional nozzles is described. Irrotational 
flows with total temperature and total pressure constant throughout 
the field are considered. 
The starting point taken in setting up the method of char-
acteristics used is conveniently discussed in terms of a uniform 
two-dimensional sonic or supersonic flow turning around a sharp 
corner of a wall along which the flow passes (fig. 18(a». The 
streamlines are turned about the corner with increasing Mach number, 
as at Cl and C2 , in wedge-shaped zones BC1D and ECzF in 
which the static pressure decreases and the velocity increases in 
the direction of the flow. Such zones of decreasing pressure and 
increasing velocity are called expansion waves. Along radial lines 
through Cl and C2 the veloCity, pressure, denSity, temperature, 
flow Mach number, and flaw dIrection are constant. These radial 
lines are Mach lines that make the Mach angle with the local flow 
direction ~ = sin -l~. Downstream of the bounding Mach line Cl D, 
the flow is uniform and parallel to wall Cl C2 • At the comer in 
the wall at C2' the second wedge-shaped zone has a Mach line C2E 
as the upstream boundary, which makes the same Mach angle i3 with 
the flow as does the Mach line Cl D because the flow between these 
two lines is uniform. 
As the length of wall C1C2 has no effect on the direc-
tion and Mach number of the flow at line C2E, the point C2 
could be made coincident with Cl without altering the flow at 
CzF. The change in Mach number and direction of the flow can 
therefore be considered to be a function only of the angle through 
which the flow is turned. Any stream tube having a supersonic 
Mach number can be considered to have come from a sonic flow (M = 1) 
turned about a corner of angle 1Ji. The expression relating the 
flow Mach number and corresponding turning angle (reference 2) is, 
in the notation of this paper, 
(Bl) 
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Because the Mach number of the flow is constant along Mach 
lines radiating f"rom Cl and C2, each Mach line is assigned a 
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value of IF equal to the turning of the sonic flow required to 
give the corresponding Mach number. It is convenient to subscript 
these values of IF as (IF _) to indicate that the flow is deviated 
in a clockwise direction from the direction of the flow at sonic 
speed when crossing the Mach line originating at Cl or C2. A 
Mach line to which a value of IF has been assigned will be called 
a characteristic. The angular turning of the flow produced by an 
expansion wave is equal to the dii'f'erence in the va~ues of 'F 'of 
the characteriet ice bounding the wave. When the wall curves uni-
formly from Cl to C2, as in figure 18 (b), at each point in the 
wall the turning of differential angle d IF is cons!dered to take 
place. The wedge-shaped zone through each turn d'F has a d1ff"er-
ential vertex angle at the wall and is simply represented by a 
single Mach line. The correspond1ng system. of characteristics has 
the f"orm shown in f"igure 18(b). The f"low across each character-
istic is parallel to the f"low at that point on the wall at which 
the characteristic originates. 
IT, after the turn~ng of a sonic flow about a corner in 
wall A (fig. 18(c», a corner in wall B is encountered, the flow 
deviates in a counterclockwise direction around the corner in 
wall B. The change in Mach number of the flow due to the turn 
about wall B is the same as a similar turn around wall A with an 
initial Mach number equal to the value in zone I. If character-
istics originating from wall B are numbered according to the total 
counterclockwise angular deviation experienced by the flow arriving 
at the characteristics and indicated by (IF+), then the total 
turning experienced by the f" low going from the sonic zone to 
point P (fig. ll(c», for example, is 
(B2) 
The net counterclockwise angular deviation of the flow along C2? 
fram the flow direction in the sonic· zone is 
(M) 
Every point in a supersonic flow is crossed by two Mach lines 
making the Mach angle f3 with the flow direction. Because the 
characteristics are Mach lines numbered according to the convention 
just established, to every point in the supersonic flow a (1fi+) 
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and a (IL) characteristic correspond. If the values of (qt +) 
and (qt _) are known at a point in the flow, the Mach number and 
the direction are given by equations (B2) and (B3). The values of 
the ('l'+) and ('l' _) characteristics downstream of point P are 
the same as at point P because no add! tional turning of the flow 
occurs downstream of C2P• 
The value of ('l'+) assigned to a characteristic is unaltered. 
by its intersection with the characteristics of the ('l'_) set or 
vice versa. Two characteristics of the ('l'_) set are shown inter-
secting the two characteristics of the (W+) set in figure l8(d). 
Three parallel streamlines, which ma;y be considered. to be elements 
of a supersonic stream tube are flOWing across the characteristics. 
Streamline 1 is fl'rat given a counterclockwise deviation in flow 
path equal to ('l'+)d - (IF+)b in crossing the ('l'+) set of' char-
acteristics. It continues in a straight line until it intersects 
the set of (IF _) characteristics, which give it a clockwise 
deviation in flow path equal to (IF-)a - (IF_)c' The net deflection 
in path in the counterclockwise direction is [{IF+)d - (IF+)b] 
- [<'l' _) a - (IF _) J. streamline 3 intercepts the ( 'l' J set of char-
acteristics first and is deflected. in a clockwise direction by an 
amount ('l'-)a - ('l'_)c' It continues in a straight line until it 
intercepts the ('l'+) set of characteristics, which deflect it in 
a counterclockwise direction an amount ('P+)d - ('l'+)b' The net 
deflection of streamline 3 in the counterclockwise direction is 
[(IF+)d - ('l'+)b] - ~'l'-)a - ('l'_)c]' the same as for streamline 1-
The total turning 6'l' experienced by both streamlines 1 and 3 in 
crossing both sets of' characteristics is the same and is equal ~o 
L(IF+)d - (IF+)b] + ~qt-)a - (IF_)J. If streamlines 1 and 3 had 
the same Mach number and. flow direction before intercepting the 
~ +) and ('l'J set of' characteristics, they would have the same 
new Mach number and. new flow direction after crossing the char-
acteristics. The stream-tube width has also increased to a value 
corresponding to the higher Mach number of' flow after crossing the 
characteristics. streamline 2 crosses both sets of characteristics 
simultaneously. Each set of' characteristics produces its turning 
of the flow independently of the other. The streamline assumes the 
resultant direction due to the simultaneous clockwise and counter-
clockwise turning. of the flow. The final-flow direction and Mach 
number at P is the same as for streamlines 1 and 3 after passing 
through both sets of characteristics. 
<D 
I-' 
I-' 
r-I 
r-I 
(1) 
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Characteristics Incident on Channel Wall 
Only flows that do not separate from the confining channel 
walla are considered in this report. Consider two characteristics 
of the (~_) set, having values (~-)a and (~-)b' incident on 
the straight channel wall shown in figure l8(e). The streamlines 
move along the wall instead of following the dotted path under the 
influence of expansion waves contained between the (11'_) char-
acteristics because an expansion wave belonging to the (~+) set 
arises at the wall between points A and B that cancels the 
tendency of the flow to deviate from the wall. That is, 
If', between points A and B, the ...wall curves (as in 
fig. 18(f» an amount 60." then the expansion wave of the 
(~+) set must exceed that of the incident (11'_) set by an amount 
~o., or 
If between points A and B (fig. 18(g») the wall curves in 
the direction of the streamline along the wall under the influence 
of the wave of the ( ~_) set only, then -the flow adjacent to the 
wall follows the wall without requiring the ccmpensating expansion 
wave of the (~+) set . In this case no wave of the (~+) set is 
generated. The fact t hat waves emanating fram a channel wall can 
be suppressed by curvi ng the wall to the shape of the adjacent 
streamline under the i nfluence of the incident expansion waves 
represents the basis of the method for designing supersonic nozzles 
us ad in this report. 
The characteri sti cs ariSing at a wall about which a two-
aimens ional flow l.s turned are straight as long as the flow 
responds to waves from only one Wall. The deviation of the flow 
produced by an intersecting system of waves results in curved 
characteristics because the characteristics must make the Mach 
angle ~ everywhere with the flow direction. 
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APPENDIX C 
DERIVATION OF 'EXPmSSION FOR MAXIMUM INITIAL EXPANSION ANGLE 
In the discussion in appendix B of the expansive turning of a 
supersonic flow about a continuously curved wall (fig. 18(b)), 
characteristics having a finite difference in turning angle were 
shown to have a finite distance of separation at the wall. If D 
be a displacement in the direction of t-he flow at the wall then 
dD 
- >0 dM (Cl) 
In the limiting case of a sharp expansive turn (finite angle) at 
the wall, all characteristics in the corresponding wedge-shaped 
expansion wave originate at the sharp corner (fig. 18(a)). The 
f'low adjacent to the wall undergoes an abrupt finite increase in 
Mach number in crOSSing the wedge-shaped expansion wave at its 
vertex where the wave width dD in the direction of the flow is 
vanishingly small. In this case 
dD 
dM = 0 
The condition expressed by equation (C2) represents a limiting 
dD 
value of dM because no expansive turn in a wall will give 
dD 
negative values for dM in the absence of waves incident upon 
the walls. 
(C2) 
In the expansion part of the nozzles considered, no waves are 
incident upon the nozzle walls. Therefore the condition that 
dD dM > 0 applies. 
When a value of If I or MI is chosen too low for the maxi-
ax 
mum wall-expansion angle .~ employed, then dM becomes negative 
in the neighborhood. of section II' where e = o. For the limit-
ing condition 
d.X 
aM = 0 (C3) 
where X is the coordinate of the wall parallel to the nozzle axis 
(direction of flow at section II' where a = 0). 
NACA RM No. E8B02 
In order to obtai n the allowable values of WI and a.E' as 
governed by equation (C3), the expression for X must be differ-
entiated with respect to M and set equal to 0 at section I, 
where e = 00 , M = MI , and r = rr. 
The expression for X for the expansion part of the nozzles 
is given by equation ( 13) 
39 
X c r cos 0 - Mr (a.E - 0) cos (~ - e) (C4) 
and 
(cs) 
Fran the values of the parameters at section II', the tenns in 
equation (CS) are obtained: Fran equation (1), with 7 = 1.40, 
(C6) 
Substituting for rl the expression preceding equation (C6) yields 
for section II' 
(C7) 
and 
~ = cos e - M(a.E - e) cos (~ - e) 
Because e = 00 and M = MIl 
oX dr = 1 - M ~ cos ~ 
~r--l /'M2 or - 'V I - 1 a.E (ca) 
-------
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and 
From equation (lld), with 1 = 1.40, 
e = 'P - 'PI = A tan-l ~ - tan-1 JM2_1 - 'PI 
1 
oX r: ;-] de = -r sin e + Mr LCOS (~-e) - (a.E - e) sin (~ - e~ 
Therefore, for e = 0 
By definition 
From equation (C4) 
-1 1 ~ = sin M 
ax o~ = Mr (~ - e) sin (~ - e) 
which becomes at section II' 
Also 
ax diM = - r (a.E - e) COB (~ - e) 
(C9) 
(C10) 
(Cll) 
(C12) 
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which gives, for e = 0 
(C13) 
Substituting equations (C7) to (C13) in equation (C5) and solving 
for ~ yields equatIon (14): 
~= 
( 2 )3/2 MI -1 
4 0.6 Mr 
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TABLE I - VALUES OF ~, ~, r/r1' and di dO FOR FIXED INTERVALS OF M 
1 2 3 4 5 1 2 3 4 5 
20E "1 2"E; "1 
Y, Yr, Yr-9 r - , dO' b d II Y, Yr, Yr-9 rAt, dO' b d M, "'r, "'I 1\ At M, Mr , "'I (deg) (deg) Ar r bO' dO (deg) (deg) Ar r bO' dO 
-,- At' r 1 At r1 
1.00 90.000 0.000 1.0000 1.0000 2.50 2:5.578 39.124 2.5357 5.5918 
1.02 78.535 .125 1.0003 1.0203 2.52 23.380 39.589 2.5854 5.7598 
1.04 74.058 .351 1. 001.3 1. 0414 2.54 23 .185 40.050 2.7372 5.9525 
1.05 70.530 .537 1.0029 1.0531 2.55 22.993 40.508 2.71391 7.1400 
1.08 67.908 .958 1.0051 1.0855 2.58 22.905 40.953 2 . 8 420 7.3323 
1. 10 55.380 1.335 1.0079 1.1087 2.50 22 .620 41.415 2.8960 7.5295 
1.12 63.234 1.735 1.0113 1.1327 2.62 22 .438 41. 963 2.9511 7.7318 
1.14 61.306 2.160 1.0153 1.1574 2.64 22.259 42.308 3.0073 7.9394 
1.16 59.550 2.607 1.0138 1.1829 2 .66 22 .082 42.749 3.064'7 8,1522 
1. 19 57.936 3.074 1.0248 1.2093 2.68 21,909 43.187 3 . 123:5 8.3704 
1.20 55.443 3.558 1.0304 1.2365 2.70 21.738 43.621 3.1330 8.5941 
1.22 55.052 4.057 1.0366 1.2646 2.72 21.571 44.053 3.2440 8.8235 
1.24 53.751 4.570 1.0432 1 . 2936 2.74 21. 405 44.481 3.3061 9.0587 
1.26 52.528 5.093 1.0504 1.3235 2 .76 21.243 44.906 3.3695 9 .2998 
1.28 51.375 5.627 1.0581 1.3544 2.78 21.082 45.328 3.4342 9.5470 
1.30 50.285 6.170 1.0663 1.3862 2.80 20.925 4 5 .746 3.5001 9.8003 
1.32 49.251 6.721 1.0750 1.4190 2.82 20.770 46.161 3 .5674 10.0600 
1.34 48 .'268 7.279 1.0842 1.4529 2.84 20 .617 46.573 3.6359 10.3260 
1.36 47.332 7.844 1.0940 1.4878 2.86 20.466 46.982 3.7058 10.5987 
1.38 46.439 8.413 1.1042 1.5238 2.88 20.318 47.388 3.7771 10.9781 
1.40 45.585 8.98 7 1. 1149 1 • . ~609 2.90 20 .171 47.790 3 . 8498 11.1543 
1.42 44.767 9.565 1.1262 1.5992 2 . 92 20.027 48.190 3.9238 11. 4576 
1.44 43.983 10.146 1.1379 1.6386 2.94 19.885 48 .586 3.9993 11.7580 
1.46 43. 230 10.730 1.1502 1.6792 2.96 19.745 48.980 4.0763 12.0657 
1. 48 42.507 11.327 1.1529 1.7211 2,98 19.607 49.370 4.1547 12.3809 
1.50 41.1310 11,906 1. 1702 1.7642 3.00 19.471 49.757 4.2346 12.7037 
1 ,52 41.140 12.495 1.1899 1.908 7 3.02 19.337 50.142 4.3160 13.034h 
1.54 40.493 13.085 1. 2042 1.3545 3.04 19.205 50.523 4.3989 13.3728 
1.56 39.858 13.675 1.2190 1.9017 3.06 Hl.074 50.902 4.4835 13.7194 
1.58 39.265 H.270 1.2344 1."503 3.08 18.946 51.277 4.5696 14.0743 
1.60 38.682 14.860 1.2502 2.0004 3.1·) 18.819 51.650 4.6573 H.4377 
1.62 38.118 15.452 1.2666 2.0519 3.12 18 .694 52.020 4.7467 14.8096 
1 , 64 37.572 16.043 1.'2835 2.1050 3.14 18.570 52.386 4.8377 15,1903 
1.66 37.043 15.633 1.3010 2.1597 3.B 18.449 52.750 4.9304 15.5800 
1.68 36.530 17.223 1.3190 2.2160 3.18 18 . 328 53.112 5.0248 15.9789 
1.70 36.032 17.810 1.3376 2.2739 3 . 20 18.210 53.470 5.1210 16.3871 
1.72 35.549 1a.397 1.3567 2.3336 3. 22 18.093 53.826 5.2189 1 6 . 8048 
1.74 35.080 18.981 1.3754 2.3950 3.24 . 1 '7 .977 54 .179 5.3186 17.2321 
1.76 34.624 19.566 1.3967 2.4582 3.26 1'7.863 54.530 5 .4201 17.6694 
1.70 54.180 20.146 1.41'75 2.5232 3.28 17.751 54.877 5 •. ~234 18.1168 
1.80 33.749 20.725 1.4390 2 . 5902 3.30 1'7.640 55.222 5.6286 18.5745 
1.82 33 . 329 21.304 1.4610 2.6590 3.32 17.530 55.564 5. 7 358 19.0427 
1.84 32.921 21.978 1.4836 2.7299 3.34 17.422 55.904 5.8448 19.5216 
1.86 32.523 22.450 1.5069 2 . '3028 3.30 1'7.315 56.241 5.9558 20.0114 
1.88 32.135 23.020 1.5307 2.8778 3.38 1'7.209 56,576 6.0687 20.5123 
1.90 31.757 23 . 586 1.!i553 2.9550 3.40 17.105 56.908 6. l837 2l. 0246 
1.92 31.388 24. 1 52 1.5804 3.0343 3.42 17,002 57.238 6.3007 21 . 5484 
1.94 31.028 24.713 1.6062 3.1160 3.44 16.900 57.564 6.4138 22 . 0840 
1.96 30.677 25.270 1,6326 3.1999 3.46 15.799 57,888 6.5409 22 .6316 
1.98 30.335 25.927 1.5597 3 . 2863 3.48 10.700 58.210 5.5642 23 .1914 
2.00 30.000 25.380 1.6875 3.3750 3.50 16.602 58.530 6.7896 23.7537 
2.02 29.573 26.929 1.7160 3.4663 3.52 16.504 58.847 5 . 9172 24.3486 
2.04 29.353 27 .475 1.7451 3 .5601 3.54 16.409 59.162 7.0470 24.9465 
2.05 29.041 28.022 1.7750 3.5565 3 •. ~5 16.314 59.474 7.1791 25.5577 
2.08 28.735 28.562 1.8056 3.7557 3 • . ~8 16.220 59.784 7.3135 26 .1822 
2.10 28.437 29.097 1.8369 3.8575 3.60 16.128 50.091 7.450 1 26 . 8204 
2.12 28.145 29.631 1.e690 3.g623 3.62 16.036 60.;,\g7 7.lie9l 27 .4725 
2 .1~ 27.B1"9 30.1 61 1.9018 4.0699 3.54 lS.g46 60.700 7.7304 28.1388 
2 .16 27.578 30.588 1.9354 4.]805 3.66 15 .E>55 61.000 7 . 8742 28.B1S6 
2.]6 27.304 31.213 1.g698 4. 2942 3.68 15.768 61.299 8 . 0204 29.5151 
2.20 27. 036 31 .732 2.0050 4.4109 3.70 15.680 61.595 8 .1690 30 . 2255 
2.22 26. 773 32.250 2 .0409 4.5309 3.72 15.594 61.889 8.3203 30.951~ 
2 .24 26.li15 32.763 2.0777 4.6541 3.74 15.508 62.181 8.4739 31. 6921" 
2 .~6 26.262 33 . 27 4 2 .1H4 4.7807 ;,'; .76 15.42 4 62.471 8 . 6302 32 .44 95 
2.28 26. 0H 33 .778 2 . 1538 4.9107 3 . 78 15.340 62.758 8 .7E>91 33 . 2227 
2 . 30 25 . 772 34 .283 2.1931 5 . 0442 3 . AO 15. 259 63.044 8 . 91"06 34 . 0122 
2 . 32 25.533 34 .782 2 . 233~ 5 .1613 3 . e2 15.176 63 . 327 9 .1148 34 . E>164 
2 . 3 4 2S .300 35.279 2 . 2744 5 .3221 3.B4 15. 095 63.608 9 . 2817 35 . 6416 
2 .36 25 . mo 35 .'171 2.;,';164 5 .4666 3 . 86 15. :)) 5 63.e87 9.451;.': 36 . 4820 
2.38 24.645 3 6 .262 2 .3593 5 . 6151 3.B8 14. S36 64.] 64 9 .6237 37 . 3401 
2 .40 24.624 36 . 7~6 2 .4031 5,7674 3 . 80 14 . 857 64.440 9.7990 38 . 21EO 
2.42 24.407 37.230 2.4 479 5 .8238 3. 92 14.780 64 .713 9 . 9771 39 .)) 01 
2.44 24.1gb 37.708 2. d936 6 . 0844 3.94 14.703 64 .984 10.1580 40 .0227 
2.46 23.g85 38.184 2 . 5403 6.2492 3.96 14.627 65.253 10.3420 40 . 9542 I 2.48 23.780 38.655 2.5880 6.4163 3.98 14.552 65.520 10. 5288 41 , 9049 
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TABLE I _ VALUES OF ~. V. r / r1' and d/ dO FOR FIXED INTERVALS OF M - Concluded 
1 2 3 4 5 1 2 3 4 5 
'. Jr. 'I're 
2aE wI 20fl: wI 
M. Mr , "'I 1\ 
r _ , 
<r:' b ~ M, Mr. 1\ v, 'fr, Vr -9 
r T , CC:' b d 
(deg) (deg) At 0 b
o
' 
"'I (deg) (deg) t 0 D.::' do Ar r dO Ar r 0 
At' rI At' rl 
4.00 14.478 65.785 10.719 42 .875 7.00 8.213 90.974 104.143 729.00 
4.05 14.295 66.439 11.207 45.388 7.05 8.155 91.237 107.492 757.82 
4.10 14.117 67.085 11.715 48.030 7.10 8.097 91.492 110.931 787.61 
4.15 13.943 67.714 12.243 50.1309 7.15 8.040 91.746 114.459 818.38 
4.20 13.774 68.334 12.791 53.724 7.20 7.984 91.999 118.080 850.18 
4.25 13.609 68.945 13.363 56.792 7.25 7.928 92.244 121.794 883.01 
4.30 13.448 69.541 13.955 60.006 7.30 7.1373 92.491 125.605 916.91 
4.35 13.290 70.128 14.571 63.383 7.35 7.1320 92.731 129.513 951. 92 
4.40 13.137 70.707 15.210 66.923 7.40 7.766 92.971 133.520 988.05 
4.45 12.986 71.274 15.874 70.638 7.45 7.714 93.206 137.629 1025.34 
4.50 12.840 71.833 16.562 74.529 7.50 7.662 93.441 141.842 1063.81 
4.155 12.696 72.380 17.277 78.612 7.55 7.611 93.671 146.159 1103.54 
4.«50 12.556 72,919 18.018 82;882 7.60 7.561 93.898 150.585 1144.45 
4.«55 12.419 73.448 18.787 87.358 7.65 7,511 94.122 155.120 1186.67 
4.70 12.284 73.969 19.583 92.0:59 7.70 7.462 94.345 159.770 1230.23 
4.75 12.153 74.483 20.409 96.943 7.75 7.414 94.567 164.527 1275.08 
4.80 12.025 74.986 21.263 102.06 7.80 7.366 94.783 169.403 1321.35 
4.85 11.1399 75.483 22.151 107.43 7.135 7.319 94.998 174.418 1369.02 
4.90 11.776 75.970 23.067 113.03 7.90 7.292 95.209 179.511 1418.14 
4.95 11.655 76.451 24,018 118.89 7.95 7.226 95,417 184,744 1468.72 
5,00 11.537 76.921 25.000 125.00 8.00 7.181 95.627 190.109 1520,88 
5,05 11.421 77.383 26.018 131.39 8,05 7.136 95,1332 195.597 1574.56 
5.10 11,M8 77.841 27.069 138,05 8.10 7.092 96,033 201,215 1629.84 
5,15 11.197 78.293 28.159 145.02 8,15 7.048 96.234 206.964 1686.75 
5.20 11,088 78.735 29,283 152.27 8,20 7.005 96.4:51 212,846 1745.34 
5.25 10,981 79.170 30,446 159,84 8.25 6.962 96.625 218.1365 1805,64 
5.:50 10,876 79.599 31.649 167;74 8,30 6.920 96.821 225.022 1867.68 
5,35 10,773 80.017 32.893 175,98 8.35 6.878 97.013 231,320 1931.53 
5.40 10.672 80.433 34.174 11H.54 8.40 6.837 97.199 237,763 1997,21 
5,45 10.573 80.844 35.501 193.48 8.45 6,796 97.388 244.350 2064.76 
5.·50 10.476 81.244 36.869 202,78 8.50 6.756 97.5n 251.086 2134.23 
5.55 10.380 81,643 38.2131 212.46 8.1i5 6.717 97.75'1 257.974 2205.68 
5.60 10.287 82.032 39,741 222.55 8.60 6,677 97.93E 265,014 2279.12 
5.65 10.195 82.418 41,246 233.04 8.65 6.639 98.11& 272.211 2354,63 
5.70 10.104 82.795 42.796 243.94 8.70 6.600 98.294 279 . 567 2432.24 
5,75 10.015 83.171 44.400 255.30 8.75 6.562 98.469 287.084 2511.99 
5.80 9.928 83.537 46.050 267.09 8.130 6.525 98.643 294.766 2593. 94 
5,85 9.842 83.900 47.754 279.36 8.85 6.488 98.814 302.615 2678.14 
5,90 9,758 84,257 49.507 292.09 8.90 6.451 98.983 310.633 2764 . 63 
5.95 9,675 84.607 51.318 305.34 8.95 6.415 99,153 318.823 2853.47 
6.00 9.594 84.955 53.178 319,07 9.00 6.~79 99,320 327.190 2944.71 
6.05 9,514 85,299 55.101 333,36 9.05 6.344 99.483 335.733 3038,39 
6.10 9.4:'15 85.634 57.077 348.17 9.10 6.309 99.647 344.458 3134.57 
6,15 9,:558 85.968 59.114 363.55 9.15 6.274 99,808 353.368 3233,32 
6.20 9.282 86.296 61.210 379.50 9.20 6.240 99.967 362.463 3334.66 
6,25 9.207 86.618 63.370 396.06 9.25 6.206 100.127 371.749 3438.68 
6.30 9.133 86.938 65.589 413.21 9.30 6,173 100.282 381.228 3545.42 
6.35 9.061 87.251 67.877 431.02 9.35 6.140 100.438 390.902 3654.93 
6.40 8.989 87.561 70.228 449.46 9.40 6.107 100.591 400.775 
3767,29 
«5.45 8.919 87,868 72,647 468,57 9.45 6.074 100,742 410.1351 
3882 . 54 
6.50 8,850 88.169 75.134 488.37 9.50 6.042 100.891 42 1.131 
4000.75 
6,55 8,782 88,466 77,695 508.90 9.55 6.011 101,041 431,620 4121.97 
6,60 8,715 88.759 80.323 530.13 9.60 5.979 101,188 -442.322 4246.29 
6.65 8.649 89.051 83.027 552.13 9.65 5.948 101.334 453.236 4373.73 
6.70 8,584 89.336 85,A04 574.89 9.70 5.917 101.476 464.370 4504.39 
6.75 8.520 89.618 88.661 598.46 9.75 5.1387 101.623 475,725 1638.32 
6.80 8,457 89,895 91.594 622.134 9.80 5.857 101.764 487,304 
1775,58 
6.85 8.394 90.170 94.609 648,07 9.85 5.A27 101. 903 499.112 4916.25 
6.90 8,333 90.442 97.700 674.13 9.90 5.797 102.042 511.152 5060.40 
6,95 8,273 90,710 100.880 701.11 9,95 5. 768 102,180 523.425 5208 , 08 I 
10.00 5,739 102.317 535.938 5359,38 
44 
1 
!', ,~, 
'r-9 
(deg) 
0 
. • 5 
1.0 
1.5 
2.0 
2.5 
3.0 
3 0 5 
4.0 
4.5 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10.0 
10.5 
11.0 
11.5 
12.0 
12.5 
13.0 
13.5 
14.0 
14.5 
15.0 
15.5 
16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 
NACA RM No. E8B02 
TABLE II - VALUES OF M, ~, rlr1' didO' FOR FIXED INTERVALS OF i 
~a1Ueg obtained by interpolation from table I~ 
2 ~ 4 5 1 2 ~ 4 
2ctE ~ b 'Y, 'Yf, 2ClE WI r_ , 
d ' b O' 
r - , a,:: , 
V, Mr 13 At 0 'i'~-e M, !If I 13 At 0 (deg) At r d (deg) (deg) A~ r 
At' r1 do It' r1 
1.0000 90.000 1.0000 1.0000 20.0 1. 7750 34.292 1.4123 
1.0504 72.272 1.0021 1.0527 20.5 1.7922 33.917 1.4306 
1.0817 67.597 1.0053 1.0875 21.0 1.8095 33.549 1.4495 
1.1082 64.498 1.0093 1.1186 21.5 1.8268 33.190 1.4687 
1.1325 62.032 1.0138 1.1481 22.0 1.8443 32.836 1.4886 
1.1552 59.970 1.0187 1.1768 22.5 1.8618 32.489 1.5090 
1.1768 58.192 1.0240 1.2051 23.0 1.8793 32.]49 1.5299 
1.1976 56.622 1.0297 1.2332 23.5 1.8970 31.814 1.5516 
1.2177 55.211 1.0359 1.2614 24.0 1. 9146 31.487 1.5737 
1.2~7~ 53.929 1.0423 1.2896 24.5 1.9324 31.165 1.5964 
1.2564 52.745 1.0491 1.3182 25.0 1.9503 30.847 1.6198 
1.2752 51.649 1.0563 1.~471 25.5 1.9683 30.536 1.6438 
1.293'1 50.626 1.0637 1.3762 26.0 1.9863 30.230 1.6684 
1.:n20 49.666 1.0715 1.4058 26.5 2.0044 29.929 1.6937 
1.3300 48.759 1.0796 1.4360 27.0 2.0226 29.631 1.7198 
1.3478 47.902 1.0880 1.4666 27.5 2.0409 29.339 1.7464 
1.3655 47.087 1.0968 1.4977 28.0 2.0592 29.053 1.7738 
1.3830 46.310 1.1058 1.5294 28.5 2.0777 28.771 1.8021 
1.4005 45.567 1.1152 1.5618 29.0 2.0964 28.491 1.8312 
1.4178 44.859 1.1249 1.5949 29.5 2.1151 28.217 1.8611 
1.4350 H.180 1.1350 1.6287 30.0 2.1339 27.946 1.8918 
1.4521 43.527 1.1454 1.6632 30.5 2.1529 27.678 1.9234 
1.4690 42.903 1.]559 1.6982 31.0 2.1719 27.415 1.9558 
1.4860 42.299 1.1669 1.7340 31.5 2.] 911 27.156 1.9893 
1.5032 41.703 1.1784 1.7713 32 . 0 2.2103 26.900 2.0236 
1.5202 41.134 1.1900 1.8091 32.5 2.2297 26.647 2.0588 
1.5371 40.586 1.2021 1.8479 33.0 2.2493 26.398 2.0952 
1.5541 40.053 1.2146 1.8877 33.5 2.2690 26.151 2.1326 
1.5709 39.539 1.2274 1.9282 34.0 2.2888 25 .908 2.1711 
1.5878 39.038 1.2406 1.9698 34.5 2.3087 25.668 2.2106 
1.6047 38.549 1.2541 2.0126 35. 0 2.3288 25.431 2.2513 
1.6216 38.074 1.2680 2.0562 35. S 2.3490 25.197 2.2933 
1.6385 37.612 1.2823 2.1011 36.0 2.3693 24.965 2.3364 
1.6555 37.162 1.2971 2.1474 36.5 2.3898 24.736 2.3808 
1.6724 36.724 1.3122 2.194'7 37.0 2.4105 24.510 2.4266 
1.6894 36.295 1.3278 2.2433 37.5 2.4313 24.287 2.4737 
1.7065 35.8'76 1.3438 2.2932 38.0 2.4523 24.066 2.5222 
1. '7235 35.466 1.3602 2.3444 38.5 2.4734 23.84'7 2.5'723 
1.7407 35.065 1.3771 2.3971 39 . 0 2.4947 23.631 2.6238 
1.7577 34.675 1.3944 2.4511 39.5 2.5162 23.418 2.6769 
40.0 2.5378 23.206 2.7317 
5 
b , 
Do 
d 
dO 
2.5068 
2.5642 
2.6229 
2.6832 
2.7454 
2.8094 
2.8752 
2.9433 
3.01:50 
~.0850 
3.1592 
3.2356 
3.3140 
3.3950 
3.4785 
3.5643 
3.6526 
3.7443 
3.8391 
3.9366 
4.0372 
4.1410 
4.2481 
4.3587 
4.4730 
4.5909 
4.7128 
4.8390 
4.9694 
5.1038 
5.2431 
5.3870 
5. 5359 
5.6900 
5.8495 
6.0145 
6.1855 
6.3626 
6. 5459 
6.7357 
6.9328 
Ar 
At 
At 
dO 
'I'r 
'1'1 
OlE 
III 
~I 
'l'E 
liB 
'1'5 
liS 
rl 
-
911 
TABLE I II - SAMPLE DESIGN OF TWO- DI MENSIONAL SUPERSONIC NOZZLES FOR FINAL MACH NUMBER Mf OF 3 . 50 AND FINAL NOZZLE WIDTH OF 10 I NCHES 
[ Symb ol s defined i n appendi x A.J 
(a) Design parame ters 
Equa- Shorteet noz~lea No~ zle with straight-walled partb 
ti on Source of comput ed value Source of computed value Equati on num-
ber Value Value Table Fi gure Computation Table Figure Computation 
~ l ~' ";1 .. ) I, col. " 6 .7896 I, col. ., 6.7896 )I 'Y+l IIr=3.50 IIrJ3 •5O 
-r 
(~i)A r 1 nmx 10 1..728 in. 1 6.7896 x 10 1.4728 in. 
dO = At (rwmerically) 1..728 in. 1.4728 in. 
I, col. ~f 58.5300 I, col. 3, 58.5300 )lr:3 • 50 IIr=3.50 
6(b) 9.80 CXx given 15.0000 
M= 3.50 or 
(For convenienoe) 10.0000 0.2618 rad. 
'l'r't'I 19c 58.5300 - 10 . 0000 24.2650 or 8, )II 1.222 
2 2 0.4235 rad. I, 'fI 
111= 1.222 •• loa
o 
(For convenience) 5.0000 
II, col. 2, 
'1'1. 10 •00 
1..350 II, col. 2, 
'1'1.5.0000 1.2564 
II, col. 3, U.1800 II, col. 3, 52.7'5° 
If I = 10.0 '1'1 0 5.0000 
'1'1 • OtB 20a 10. 0000 + 24.2650 34.265
0 5.0000 + 15.0000 20.0000 
II, col. 2, 2.2993 II, col. 2. 1.7750 
'l'B·34.265° 'YB ·20.0000 
Ifr - <Xx 20b 58.5300 - 15.0000 .3.5300 
I, col. 3, 2.6958 
'l'S = '3.5300 
At Hb 1 • .,28 1.7388 1.{728 2.8128 
.. 2 x 0 •• 11360 2 x 0.26180 
! 
I 
~o straight-walled part; initial expaneion accaapliahed by ooe turn about sharp oorner. ~ 
bStraight- wal1ed part with~E of 15. 0000 ; initial expan8i on aocompliahed by two turns in auccesaion about sharp corner .t e.ch1iill : 
z 
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TABLE III - SAMPLE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES FOR FINAL MACH NUMBER Kf OF 3.50 AND FINAL NOZZLE WIDTH OF 10 INCKES -
Continued 
(b) Typical coordinates of expansion part (II = 1.600) 
Equa- Shortest nozzle· Nozzle with straight-walled part b 
Equation tion Source of computed value Source of computed valu. num- Value Value ber Table Computation Table Computation 
!II III ~ II ~ liE 1.4350 ~ II ~ 2.2993 1.222~ K ~ 1.775 ( Val ue chosen) 1.600 (Value choull) 1.600 
y I, col. 3, I, col. 3, 
14 .8600 K • 1.60 14 .8600 K : 1.60 
e 'I' - '1' 1 lld 14.8600 - 10.0000 4. 8600 14.8600 - 5.0000 9.8600 
.l:.. llb I, col. 4, I, col. 4, 
rl 1/ = 1.60 1.2502 ,. • 1.60 1.2S02 
r .L rl 
rl 
1. 2502 x 1. 7388 2.1738 in. 1.2602 x 2.812S 3.S166 In. 
~ sln- 1 ~ I, col. 2, I, col. 2, K : 1.60 38.6820 K = 1.60 38.6820 
aE-8 24.2650 - 4.8600 19.4050 15.0000 - 9.8600 5.140 
• 33868 rad. .06971 rad • 
II - e 38.6820 - 4.8600 33.8220 38.6820 - 9.8600 28.8220 
X r cos 8 - 2.1738 cos 4.860 - 1.6 x 3.5166 cos 9.860 - 1.6 x 
IIr(~E-8)c08(~-9) 13 2.1738 x .33868 cos 33.822 1.187 in. 3.5166 x .06971 cos 28 .822 3.022 In. 
y r sin e + 2.1788 sin 4.860 • 1.6 x 3.5166 sIn 9.860 + 1.6 x 
Mr(CtE-8)e1n(f3- 9 ) 13a 2.1738 x .33868 sin 33.822 0 .840 in. 3.S166 x .08971 sIn 28.822 0.846 In. 
--- - - - --
(c) Length of straight-walled part (equation (20» 
rS rS I, col. 4, 
At rl KS = 2.6i68 3.1705 
2aR 
-=:L rx I, col. 4, 
~ rl IIR: 1.775 1.4123 
2(1E 
(S ~) At (3.1705 - 1.4123) x rS- IE At - At 2(1R 2.8128 4.9456' In. 
2(1R 2a R 
axo atralght-walled part; init!al expansion accomplished by one turn about sharp corner. ~ 
bStraight-walled part with~E of lS.0000 ; initial expansion accomplished by two turn. in suceesaion about sharp corner at each wall. 
t16 
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TABLE III - SAMPLE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES FOR FINAL MACH NUMBER Mf OF 3.50 AND FINAL NOZZLE WIDTH OF 10 INCHES - Continued 
(d) Typical coordinate of straightening part (M = 2.80) 
Equa- Shortest nozzle a Nozzle with straight-walled partb 
Equation tion Source of computation Source of computation num-
ber Value Value Table Computation Table Computation 
M MS ~ M ~ Mf KS ;:; ME 
2.2993 ~ M ~ 3.50 2.6958 ~ K ~ 3.50 
(Value chosen) 2.800 (Value choeBn) 2.800 
'V I, col. 3, I, col. 3, 
M = 2.80 45.7460 K = 2.80 45.7460 
9 'Vf - 'if 16a 58. 53cf - 45.7460 12.7840 58.5300 - 45.7460 12.7840 
...!... I, col. 4, I, col. 4, 
rl M .. 2.80 3.5001 M = 2.80 3.5001 
r (:1)~ 3.5001 x l. 7388 6.0860 in. 3.5001 x 2.8128 9.8451 in. 
!3 \. I, col. 2, I, col. 2, 
M = 2.80 20 . 9?5 M = 2.80 20.925 
ocR-a 24.2650 - 12.7840 1l.4810 15.000° - 12.784° 2.216° 
.2003 rad. .0387 rad. 
~+9 20.9250 4 12.7840 33.7090 20.~2&0 4 12.78,0 33.7090 
X r cos 9 .. 6. 0860 cos 12.784 4 9.8451 coe 12.784 4 
Mr(OlR- 9 )coe ((3" 9) 18 2.8 x 6.0860 x 2.8 x 9.8451 x 
.2003 cos 33.709 8.775 in. .0387 cos 33.709 10.489 In. 
y r sin 9 4 6.0860 sin 12.784 + 9.8451 ain 12.784 .. 
Mr(ocE-9).in(~) 18a 2.8 x 6.0860 x 2.8 x 9.8451 x 
.2003 sin 33.709 3.241 in. I .0387 dn 33.709 2.771 in. 
~--
--- - -
i 
I 
aNo straight-walled part; initial expaneion accomplished by one turn abou~ eharp corner. ~ 
~ 
bStraight-walled part with ~E of 15.0000 ; initial expaneion accomplished by two turne In eueeBs.lon about eharp corner at 
each wall. 
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TABLB III - SAMPLI DSSIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES FOR FINAL MACH RUKBBR lit OF 3.50 AND FINAL NOZZLB WIDrB OF 
10 INCHBS - Continued 
(e) Typical coordinates or initial expans~on part 
&qua- Shortest nozzle with single initial 
.ozzle with straight-walled part and 
tion turn; YI • 10.00O" a 
double Inltlal turn; Yr • 5.0000 b 
Equation num- Souro. ot computed value Source ot computed v.lu. J 
ber I Value I Value Table C omput a t1 on Table Computati,,", 
FirBt turn 
~ ~ 2.500° 
lin II, col. 2, 
'*'n = 2.50 1.1552 
II 1.; II'; III' 1';11';»0 1 "" \I .. 1.4350 1 ~ \I :$ 1.1552 (Value chosen) 1.2400 (Value chosen) 1.1400 
(3 I, col. 2, 
53.751° 
I, col. 2, 
61.3060 II = 1.24 II : 1.14 
'I' If col. 3, 
4.5700 
I, col. 3, 
2.1600 /01 : 1.2. II • 1.14 
(3·'I'r'f 53.751 + 10.000 -
•• 570 59.1810 
'l'I.'I' 61.306 • 2.500 -(3+2"- 2.160 61.646 0 
dl I, col. 5, I, col. 5, 
dO II = 1.24 1.2936 II : 1.14 1.157. 
dl 
dl 
dO dO 1. 2936 x 1.4728 1.9052 In. 1.1574 x 1. 4728 1.7046 in. 
Xl dl COB (~. '1'1 - 'f) 28a 1.9052 cos 59.181 0.976 In. 1.7046 cos 61.646 0.810 in. 
Yl dl sin «(3+ 'l'I - 'f) 28b 1.9052 sin 59.181 1.636 in. 1.7046 8in 61.6.6 1.500 in. 
Second turn 
)! Mn ~ M ~ /011 1.1552., II .. 1.2564 (Val ue cho.en) 1.2200 
J3 I, col. 2, 55.0520 II = 1.22 
'!' I, col. 3, 4.0570 II = 1.22 
~.'l'I"'l' 55.052+5.000- 4.057 55.9950 
d2 I, col. 5, 
ro /01 = 1.22 1.2646 
d2 (d2/ dO)dO 1. 2646 xl." 728 1.8625 in. 
X2 d2 co. (!3 + 'l'I - 'f) 30a 1.8625 cos 55.995 1.042 in. 
Y d2 .in (13.-'1'1 -'1') 1.8625 .in 55.995 1.M4 in. 
aNo straight-walled part; initial ~xpan.l on accompli.hed by one turn about sharp corner. ~
bStraight-walled part with QE of 15. 000°; initial expansion accomplished by two turns in Bucceooion about oharp corner at each wall. 
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TABLE III - SAMPLE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES FOR FINAL MACH NUMBER Mr OF 3.50 AND PINAL NOZZLE WIDTH OF 
10 INCHES - Concluded . 
:!.. 
rl 
r t 
rI 
-
rl 
-
rI 
Xp 
XI 
(31- '1'1 
Le 
~n 
'f"1 ~n-2 
WI 
I.e 
L 
Kqua-
Bquation I tion num-
ber 
I 
rr 
rl r t I 
1 
frJ 
r l r t 
I 
! r r (1" lit O<B C08 (3r) 24a 
!rI(l-IiI OI g cos I'r) 24b 
dO cot «(31 - VI) 24c 
AI rI A At = -r At t 1 
d cot(~-~).wrootPr 
Xp - XI • La 
(r) Nozzle length 
Shortest nozzle a Nozzle with straight-walled part b 
Source or computed value Value Source or cClllputed value Value 
Table Computation Table Computation 
Expansion, straight-walled, and straightening part 
I, col. 2, 
16.6020 
I, col. 2, 
16.602° IIr = 3.50 Mr = 3.50 
I I, c ol. 4, I, co1. .4, 
Mr : 3.50 6.,7896 Mr = 3.50 6.·7896 
I 16 . 7896 x 1.7388 111.806 in. I 16.7896 x 2.8128 19.098 in. 
1 n, col. 4, 1 
1¥I : 10. 0000 11.1350 
1 II, col. 4, 
1(1: 5 . 0000 I I 1.0491 
I I 1.1350 x 1. 7388 11.9735 in. I 
11.806 (1+ 3.5 x 
0.4235 cos 16.602) 28.576 in. 
1.9735 (1-1.4350 x 
0 .4 235 cos 44.180) 1.113 in. 
Initial expansion part 
44.180 - 10 . 000 34.1800 
1 .4728 cot 34.180 12.169 
28.576-1.113.2.169 129.632 
II. col. 3, 
'¥I/2 a 2. 50(f' 
11.0491 x 2.8128 I 2.9509 In. 
19.098 (1+ 3.5 x 
0 .2618 cos 16.602) I 35.868 in. 
2.9509 (1-1.2564 x 
0.2618 cos 52.745) I 2.363 in. 
59.9700 
59.970 - 2.500 57.4700 
1.0491 X 1.4728 I 1.5451 
1.4728 cot 57.470 
1.5451 cot 52.745 I 2.114 
35.868-2.363.2.114 I 35.619 
aNo straight-walled part; initial expansion accomplished by one turn about sharp corner. ~ 
bStralght-walled part with ~. ot 15.000°, initial expansion accomplished by two turns in succession about sharp corner 
at .ach •• 11. 
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Figure 1. - Parts of conventional supersonic nozzle. 
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Figure 2. - Source flow. 
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Figure 3. - Schematic representation or characteristics In 
supersonic nozzle. 
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52 NACA RM No. E8802 
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F1gure 4. - Character1stics in expans10n part of nozzle. 
Jilozzle ax1s 
-- - --- - --~-=-
(1' .) F 
(>p"')p - dlf'. 
~ del 
--- - --
F1gure 5 . - Schematic repre sentat10n of flow 1n ne1ghb orhood of section EE'. 
NACA RM No. E8B0 2 
Uniform 
flow 
parallel----------~ 
to axi s; ---------i~ 
Mr > 1 
Zone boundary 
__ ~~N~ozzle axis 
Figure 6. - Relation of nozzle-wall coordinates to coordinates of 
characteristics. 
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Figure 7. - Straigh tening part of nozzle. 
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NACA RM No. E8B02 
Figure 9. - Limi t ing characteristics in nozzle without 
strai ght-walled part. 
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NACAO RM No. E8B 02 
same as streamline of Prandtl-Meyer 
corner C with turning angle !r 
Nozzle 
axis 
- -- - --+--
turn in 
of angle '¥r 
Subsonic entrance part 
(a) Turn about one corner on lower wall. 
Wall contour same as streamline of Prandtl-Meyer 
turn about C at distance bO • throat 
width from 
...... \ 
-" M=~ 
dO \ 
.-\ 
Nozzle axis 
.)~~~~~~ 
Direction of axis of supersonic 
part of nozzle 
contour is a streamline of 
Prandtl-Meyer turn about corner C 
at distance bO from C 
Direction of ax is of subsonic entrance 
(b) Upper and lower wall with contour of Prandtl-Meyer turn 
about corner. 
Figure 11. - Methods of designing initial expansion part of 
nozzle. 
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NACA RM No. E 8802 
M.l~ --->, I /~., ~ I f --, Nozzle axis 
_-----.J1 , I / -J 
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Figure 11. - Continued. Methods of de s ign ing i nitial expans i on 
part of nozz l e. 
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Figure 11. - Continued. Method s of designing initial expansion part of nozzle. 
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(e) Initial expansion produced by short nozzle at throat. 
Figure 11. - Concluded. Methods of designing initial expans i on 
part of nozzle. 
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Figure 12. - Two-dimensional supersonic flow about corner. 
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62 NACA RM No. E8B02 
Direction of flow at 0 
corresponding to total 
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Direction of flow at R 
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Figur e 13. - Double initial turn, sharp corners. 
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Figure 15. - System of characteristics for initial 
turning part. 
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Figure 16. - System or characteristics ror sharp-cornered throat. · Maximum Mach number, 1.915. 
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Figure 17. - Designatio~ of lengths of nozzle parts. 
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Figure 18. - Schematic representation of effect of tunnel-wall 
configuration on expansion waves and streamlines. 
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(d) Plow through intersecting systems of characteristics. 
Figure 18. - Continued. Schematic representation of effect of 
tunnel-wall configuration on expansion waves and streamlines. 
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( e) Expansion wave of ~_ set incident on straight wall. 
(f) Expansion wave of ~_ set incident on curved wall. 
Figure 18. - Cont inued. Scbematic re pre sentation of effect of 
tunnel-wall configuration on Mach waves and streamlines. 
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(g) Wall shape conrorms to streamline curvat ure produced 
by incident expansion wave or ~ _ set. 
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Figure 18. - Concluded. Schematic representation or erfect 
or tunnel-wall configuration on expansion waves and 
streamlines. 
